In this letter we show that a cylinder oscillating harmonically in line with an incoming flow at a frequency equal to the natural frequency of vortex shedding induces for certain amplitudes of oscillation a chaotic state in the flow, characterized by an aperiodic lift force. The result is obtained through numerical simulation of the Navier-Stokes equations for two-dimensional flow. The chaos is attributed to the competition between two modes: the natural mode of the wake and the mode forced by the moving cylinder, which have entirely different spatial structures. © 2009 American Institute of Physics. ͓doi:10.1063/1.3258287͔
The response of the wake of a cylinder in steady flow to harmonic oscillations of the cylinder has been extensively studied as a fundamental nonlinear dynamics problem and also because of its connection to vortex-induced vibrations of structures. Previous studies have addressed primarily the problem of transverse oscillations of the cylinder, and, more recently, to combined transverse and in-line oscillations. Purely in-line oscillations have received less attention, but there is still a considerable amount of work ͑see Ref. 1 for a systematic summary͒. The reason for the disparity in the volume of work can be attributed to the fact that vortex-induced vibrations occur primarily in the transverse direction. The problem of in-line oscillations is however also of interest, because such oscillations can be induced by other factors. For instance, a long vertical marine structure can be forced at its upper end by ocean waves to vibrate in line with a current.
In this letter, we report a new interesting phenomenon of chaotic behavior that we have identified in numerical experiments of a cylinder oscillating in line with a uniform flow. We are considering incompressible two-dimensional flow with velocity at infinity equal to U 0 past a cylinder of diameter D. The x axis of the coordinate system is parallel to the incoming flow. The cylinder undergoes a sinusoidal oscillation parallel to the incoming flow, at a frequency equal to the natural Strouhal frequency of vortex formation.
The problem is formulated in a frame of reference that moves with the cylinder in order to avoid reconstruction of the grid at each time step. In this frame of reference the d'Alembert acceleration ͑equal to minus the acceleration of the cylinder͒ is added to the right hand side of the momentum equations. Thus the equations, nondimensionalized with respect to D and U 0 , are written as follows:
where u ជ is the velocity of the fluid, p is the pressure, and R = U 0 D / is the Reynolds number based on the velocity of the incoming flow and cylinder diameter. Also, f s is the nondimensional frequency of oscillation of the cylinder, which is equal to the Strouhal frequency of vortex shedding, and A the nondimensional amplitude of oscillation. Finally, i ជ is the unit vector in the x direction. The boundary conditions for the velocity are ͑i͒ on the cylinder u ជ = 0 and ͑ii͒ very far from the cylinder u ជ = ͓1−2f s A cos͑2f s t͔͒i ជ .
In this paper, the Reynolds number is equal to 400, for which the flow is known to be three dimensional; twodimensional simulations have been performed for expediency. Based on our two-dimensional simulations of flow past a stationary cylinder, f s = 0.22017.
The d'Alembert acceleration in the right hand side of Eq. ͑1͒ can be absorbed into the pressure term through the trans-
Then the boundary value problem in the moving frame of reference becomes identical with that of a stationary cylinder in oscillatory incoming flow. Therefore, the flow patterns that we observe here are also relevant to the problem of oscillatory flow. The force on the moving frame of course differs from the one in the stationary frame by the dynamic Archimedes force 3 f s 2 A sin͑2f s t͒i ជ . The Navier-Stokes equations were solved using the spectral-element method. The method of solution and the parameters of the simulation are the same as in Ref. 2 ; p-refinement studies with the elemental resolutions of Ref. 2 were performed for the three representative amplitudes reported, illustrating grid-independent solutions.
We have conducted a series of numerical experiments in which the frequency of oscillation of the cylinder was kept constant, equal to the Strouhal frequency of vortex formation, whereas the amplitude was varied. The simulation was carried out until a "steady state" was reached. For a narrow range of values of the amplitude, approximately between 0.18 and 0.23, we observed a chaotic flow, characterized by an aperiodic lift force.
The aperiodic behavior of the flow might seem counterintuitive at first, since the flow is forced harmonically at a frequency equal to its natural frequency. It can be explained however in a straightforward manner if we consider the spatial structure of the flow: in the unforced wake, the wellknown staggered vortex street is created by the instability of the flow. The cylinder oscillating in line with the flow on the other hand tends to generate a symmetric ͑nonstaggered͒ vor-tex street, as first reported in Ref. 3 . The frequency of this pattern is equal to half of the Strouhal frequency.
1,3-6 We have therefore competition between two modes that have fundamentally different spatial structures. 4 For low amplitudes of oscillation the natural mode dominates; the present simulations show that the motion of the cylinder causes a slow down of the vortex-shedding process. Thus the dominant frequency of the lift force has a value equal to f l , slightly lower than the Strouhal frequency f s , whereas the difference f s − f l and the subharmonic of the Strouhal frequency are also present. The flow is therefore quasiperiodic. The slow down of the vortex shedding becomes more pronounced as the amplitude of oscillation is increased ͑our results suggest that the difference f s − f l is for small amplitudes proportional to A 2 ͒. The complexity of the flow also increases with the amplitude of oscillation, until for values of the amplitude between 0.18 and 0.23 the flow becomes chaotic. In the chaotic regime, the frequency f l is highest in the lift spectrum for amplitudes lower than 0.20, whereas f s / 2 is highest at higher amplitudes. When the amplitude of oscillation is further increased, the flow exits from the chaotic state, and the subharmonic of the Strouhal frequency, f s / 2, becomes the dominant frequency of the lift. This indicates that the forced mode is now dominant.
The change of behavior of the flow as a function of the oscillation amplitude is summarized in Figs. 1 and 2 , where The spectrum for A = 0.20 on the other hand is a typical chaotic spectrum, the highest peak of which is at the frequency f s / 2. Finally, the spectrum corresponding to A = 0.30 is dominated by the subharmonic of the Strouhal frequency and its odd-number higher harmonics. Visualization of the flow for the three representative cases is shown in Fig. 3 . The low amplitude case, A = 0.10, shows a staggered vortex street in the near wake with an amplitude modulation in the far field. For A = 0.20 the wake is dominated by triplets of vortices, consisting of two vortices of the same sign and one of the opposite. Finally, for the A = 0.30 case, although the spectrum of the lift indicates that the forced mode has become dominant, the vortex patterns in the wake remain complex. Based on the diagram in Griffin and Ramberg, 7 we expect that phase locking at the subharmonic frequency will occur for amplitudes higher than 0.5 ͑considerably higher than the amplitudes in our simulations͒.
It is not easy to make comparison between our results and experiments because of the large difference in the Reynolds number. The chaotic behavior that we have observed has not been reported before. The prevalence of f s / 2 that we observed at moderate oscillation amplitudes is in agreement with previous studies, with our computed lift spectrum at A = 0.30 ͑Fig. 2͒ being remarkably similar to the ones of the experimental studies reported in Refs. 3 and 5.
In conclusion, we have shown that in-line forcing at the Strouhal frequency can generate chaotic response of the wake of a cylinder. The chaotic response is due to the different spatial structure between the natural and the forced modes in the wake, which leads to "mode competition." The chaotic behavior can therefore be attributed to pattern competition, a scenario first put forth in Ref. 8 . We note that such a scenario is not possible in the case of transverse oscillations of the cylinder, because then the natural and the forced modes are both of the staggered type. Mode competition seems very plausible, however, for combined transverse and in-line oscillations, and it could lead to chaotic vortexinduced vibrations. It should also be mentioned, however, that in the present work this scenario has been confirmed using two-dimensional simulations at Reynolds number 400, for which the flow is known to be three dimensional. ͑We have also verified the presence of chaos for a Reynolds number below 190, for which the flow is known to be two dimensional; the results are not shown here for lack of space.͒ The present finding therefore awaits confirmation for threedimensional flow.
